SOLUTIONS
Lesson 2
Worksheet #1: Native American Probability Problems for Investigation

1. List the sample space for Monshimout? What is n(S) for this experiment?

SOLUTION:  The sample space S consists of all possible outcomes of the experiment, where an outcome is determined according to how many of the plum stones are red (R), brown (B), and yellow (Y), without regard for order and assuming that all plum stones of the same color are identical and indistinguishable.  Therefore, the sample space S is the following set:
S = {YYYYY, YYYYB, YYYYR, YYYBB, YYYBR, YYYRR, YYBBB, YYBBR, YYBRR, 
YBBBR, YBBRR, BBBRR}

The size of this set is n(S) = 12.  A good way to enumerate the outcomes of the experiment (which is how the above answer was obtained) is to group the outcomes according to how many yellow (Y) plum stones are obtained.  There is one outcome with 5 yellow plum stones, then there are two outcomes with 4 yellow plum stones, then there are three outcomes with 3 yellow plum stones, then there are three outcomes with 2 yellow plum stones, then there are two outcomes with 1 yellow plum stone, and finally, there is one outcome with no yellow plum stones.  Adding we obtain n(S) = 1 + 2 + 3 + 3 + 2 + 1 = 12.  In the above solution, note that no solution can contain three (or more) red stones, nor four (or more) brown stones.
2. What is the probability that any one plum stone is yellow (natural)? That all five plum stones are yellow?

SOLUTION:  Each stone contains two colors, one yellow (natural), and either red or brown.  Therefore, the probability that any one plum stone turns up yellow when thrown will be ½.  For all five plum stones to turn up yellow independently requires that the ½ probability of each stone turning up yellow is achieved five times in succession.  By the Multiplication Principle of probability, this happens with probability (1/2)5 = 1/32.  
ADDITIONAL NOTE: It is useful to consider the probability of each of the 12 outcomes found in S from Question 1.  We will need this information to answer later questions on this worksheet.  Such probabilities will be denoted p(X1X2X3X4X5), where X1, X2, X3, X4, and X5 denote five colors.  To compute the probabilities below, we consider the results of throwing the three brown stones separately (and independently) from the results of throwing the two red stones.  Therefore, the Multiplication Principle of probability is heavily relied on here.  We will list these results here:

p(YYYYY) = 1/32   (there is only one way to get five yellow stones)
p(YYYYB) = 3/32   (there is a 3/8 probability of getting exactly one brown stone from three 


          stones, and a 1/4 probability of getting two yellow stones on the other two 


          stones)

p(YYYYR) = 2/32   (there is a 2/4 probability of getting exactly one red stone out of two stones 


           and a 1/8 probability of getting three yellow stones from the other three 


          stones)

p(YYYBB) = 3/32   (there is a 3/8 probability of getting exactly two brown stones out of three 


          stones and a 1/4 probability of getting two yellow stones from the other two 

          stones)

p(YYYBR) = 6/32  (there is a 2/4 probability of getting exactly one red plum stone out of two 


         stones, and a 3/8 probability of getting exactly one brown plum stone out of 


         three stones)

p(YYYRR) = 1/32  (there is only one way to get exactly three yellow and two red stones)
p(YYBBB) = 1/32  (there is only one way to get exactly two yellow and three brown stones)
p(YYBBR) = 6/32 (there is a 2/4 probability of getting exactly one red plum stone out of two 


        stones, and a 3/8 probability of getting exactly two brown plum stones out of 

        three stones)

p(YYBRR) = 3/32 (there is a 3/8 probability of getting exactly one brown plum stone out of 


        three stones, and a 1/4 probability of getting two red stones out of two 


        stones)

p(YBBBR) = 2/32 (there is a 2/4 probability of getting exactly one red stone out of two stones, 


        and a 1/8 probability of getting exactly three brown stones out of three 


        stones)

p(YBBRR) = 3/32 (there is a 3/8 probability of getting exactly one brown stone out of two 


        stones, and a 1/4 probability of getting two red stones out of two stones)

p(BBBRR) = 1/32 (there is a 1/8 probability of getting exactly three brown stones out of three 


        stones,  and a 1/4 probability of getting exactly two red stones out of two 


        stones)
Observe that the sum of all probabilities for the 12 cases above is 1, exactly as it must be in probability theory.
3. Out of the possible outcomes you can throw, how many earn points? List them.

SOLUTION:  We can get this information right off of the Plum Stone Game Probability Chart that accompanies this lesson.  Out of the 12 outcomes listed in Question 1, only FIVE of them score points: {YYYYY, YYYRR, YYBBB, YBBRR, BBBRR}
4. Do the outcomes which have the same point values in Monshimout have the same probability of occurring? What does this suggest practically or mathematically?

SOLUTION: NO. Observe that the outcome YBBRR has probability 3/32, where as the outcome YYBBB has probability 1/32. (These probabilities are computed in the solution to Question 2 above.)  From a practical standpoint, this indicates that the point values are not aligned with the likelihood of earning those points.  
5. Is the outcome which gets the most points (2 red, 3 brown), also the least likely? If so, why does this point value make sense? If not, which outcome is the least likely and point value does that outcome get in the game?

SOLUTION: YES. There is only a 1/32 probability of getting two red and three brown plum stones.  It should be noted that three other outcomes also exhibit this same (minimum) probability of occurring – YYYYY, YYYRR, and YYBBB.  It makes sense that it should be hard and unlikely to earn large point values with a single simultaneous toss of the plum stones.
6. Changing the probabilities to percents, what percent chance can a player score each time?

SOLUTION:  We must compute 

p(YYYYY) + p(YYYRR) + p(YYBBB) + p(YBBRR) + p(BBBRR) = 1/32 + 1/32 + 1/32 + 3/32 + 1/32 = 7/32 = 0.21875, or 21.875%
7. What are the odds that you will score 8 points on one throw?

SOLUTION:  We must compute p(BBBRR) = 1/32 = 0.03125, or 3.125%.

8. Show that ∑ p(Ei) = 1 for Monshimout.

SOLUTION:  This is observed already in Question #2, where we added up the probabilities of each of the 12 outcomes of throwing the plum stones.  We see that they sum to 1:

1/32 + 3/32 + 2/32 + 3/32 + 6/32 + 1/32 + 1/32 + 6/32 + 3/32 + 2/32 + 3/32 + 1/32 = 1.
9. Discuss the similarities and differences between the dice used in the Plum Stone games and standard dice. As an additional investigation, compare and contrast Plum Stones and coins used to flip heads or tails. How might dice or coins be adapted to allow one to play the Plum Stone Game with those materials?

SOLUTION:  One major difference between the dice in the Plum Stone games and standard dice is that each stone has only two possible outcomes (yellow or red/brown), whereas standard dice include six possible outcomes (1, 2, 3, 4, 5, or 6).  However, we could simplify the six outcomes on a standard die to two outcomes, such as {even, odd} by viewing 1, 3, or 5 as one outcome and 2, 4, or 6 as another outcome.  Then we could associate odd numbers with the yellow color and even numbers with the red/brown color (or vice versa).  Of course, there is nothing special about designating even and odd numbers in this way, and any choice of three of the six numbers to correspond to yellow (with the other three colors corresponding to red/brown) would have the same effect.  We must be careful, however, to distinguish which dice are half-colored red and which are half-colored brown.  Of course, the dice could literally be painted to make this distinction!  
In some ways, five coins (with two outcomes each, heads and tails) are more easily associated with the stones from the Plum Stone games, since there are two outcomes.  Again, we could associate a coin flip of “heads” as yellow (natural) color, and a fip of “tails” as either red or brown.  Again, we must distinguish the five coins into a group of three (for which “tails” is brown) and a group of two (for which “tails” is red).  Painting the coins would achieve this.  Alternatively, we could use three pennies and two dimes, or three coins engraved with one year and two coins engraved with another year, and so on.
